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In this work, we study the entanglement dynamics in the coupling between a superconducting device as a dc
SQUID and a single-mode radiation field for the information transference process. We show that a pair of pho-
tons can be generated through the entanglement dynamics which emerge from the atomic population transfer. In
this regard, we also demonstrate the transfer of entanglement and quantum coherence from the superconducting
device to the radiation field modes, where entanglement is transferred as the quantum coherence is transmitted,
since both stem from the quantum superposition principle, encapsulating the quantumness of the system.
I. INTRODUCTION
The study of superconducting circuits (SC) has received a
considerable attention in the past few years [1–7] due to its
promissing applications in emmergent quantum technologies,
such as quantum computers [1–3] and quantum bateries [4–
6]. These systems have the advantage of presenting a series
of parameters and physical properties that can be controlled
accordingly to its intended use [3, 7–9]. In this regard, sev-
eral models of these systems have been proposed showing the
computational power of quantum circuits compared to classic
computers [2, 3, 8, 10–13].
A particular class of SC is that based on Josephson junc-
tions. These systems can be behave like a artificial atom [12]
and have has the advantage of presenting low dissipation,
what means long times coherence [7]; in addition to having
useful concepts qubits, such as charge qubit, flux qubit, phase
qubit and transmon qubit [3–6, 14]. Furthermore, these de-
vices can be used to generate entanglement [15], to realize
quantum gates [16] and quantum control of an oscillator [17].
In this work, we report the use of a two Josephson junc-
tions, represented as a superconducting quantum interference
device (SQUID), with the feasibility of generating a pair of
twin photons and transfer entanglement and coherence. The
generation of the photon pair takes place through the coupling
between the superconducting device and a single-mode radia-
tion field, when it absorbs one photon. The coupling yields an
entanglement dynamics emerging from the population trans-
fer between the levels of an artificial atom, which acts as our
dc SQUID in an operational way, leading to the generation
of the twin photons. For the entanglement transfer, we con-
sider that two maximally entangled energy levels of the arti-
ficial atom, the system absorbs this photon from the single-
mode radiation field and, as a consequence, the modes of the
pair of photons generated by the population transfer will be
entangled. Moreover, we also observe that entanglement is
transferred as the quantum coherence is transmitted from the
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SQUID to the modes, since both properties, entanglement and
coherence, stems from the quantum superposition principle,
encapsulating the quantumness of the system. In this context,
our results reinforce the applicability of superconducting de-
vices in the information transfer processes.
II. GENERATION OF TWO PHOTONS USING A SQUID
The dc SQUID is a sensitive magnetic flux sensor composed
by two Josephson junctions placed in parallel in quantum cir-
cuit [8, 18]. Such junctions act as nonlinear circuit elements,
which ensures the unequal spacing between the energy lev-
els [12]. More details on the electrical elements of this cir-
cuit can be found in Ref. [8]. The dynamics of this device
is governed by a Hamiltonian that describes two anharmonic
oscillators mediated by a coupling term [11]. Specifically, the
basis
{
x‖, x⊥
}
is introduced [11], where ‖ corresponds to the
motion parallel and ⊥ corresponds to the perpendicular mo-
tion to the trajectory of minimum energy from a potential that
depends on the electrical parameters of the dc SQUID. From
an operational view point, dc SQUID can be seen as an arti-
ficial atom with two degrees of freedom [11]. The oscillation
modes, Longitudinal (LM) and Transversal (TM), correspond
to the parallel (‖) and perpendicular (⊥) modes, presenting a
wide variety of quantum phenomena [11, 19]. The nonlinear
coupling of these oscillation modes leads to the emergence of
quantum effects that are promising in the quantum informa-
tion field, such as creation of entanglement and quantum logic
gates [11]. The central idea for the study of this coupling is
to consider the coupling term of the total Hamiltonian of the
system as a perturbation that acts on free Hamiltonian. In this
sense, the interaction picture is used to determine the effective
Hamiltonian, its energy eigenvalues En‖ ,n⊥ and the respectives
eigenstates |n‖〉 ⊗ |n⊥〉 of the coupled system.
Let us consider the dc SQUID inserted in a microwave
guide coupled to its quantized modes, and the coupling be-
tween the transversal (TM) and longitudinal (LM) oscillation
modes. The energy levels of this device come from this cou-
pling and, for our study, we take the levels |0‖0⊥〉, |0‖1⊥〉, and
|2‖0⊥〉 due to experimental parameters set out in Ref. [11]. An
2incident photon, in mode aˆ with frequency ωa, is absorbed by
this superconducting device and two photons, in the mode bˆ
with frequency ωb, are generated through population transfer
(see Fig. 1).
Figure 1. Three-level dc SQUID. A photon in mode aˆ incids on su-
perconducting device, whose is initially at level |0‖0⊥〉, and absorbs
it. Through population transfer among the energy level of the dc
SQUID a pair of photons in the mode bˆ is generated.
In this regard, the dynamics of this system is described by
Hamiltonian
H = Hfree + Hcoupled , (1)
where
Hfree =
∑
i
ω j| j〉〈 j| + ωaaˆ†aˆ + ωbbˆ†bˆ (2)
is the free Hamiltonian and
Hcoupled = Ω
(
σ+ + σ−
)
+ Ωa
(
σ+a aˆ + aˆ
†σ−a
)
+
+ Ωb
(
σ
+
b bˆ
2 + bˆ†2σ−b
)
(3)
is the coupled Hamiltonian. In Eq. (2), | j〉 labels the energy
labels of the SQUID, {|0‖0⊥〉, |0‖1⊥〉, |2‖0⊥〉}, with the respec-
tives frequencies ω j; ωa(b) is the frequency of the radiation
field in mode a(b). In Eq. (3),Ω is the strength of the coupling
between levels |0‖1⊥〉 and |2‖0⊥〉;Ωa is the strength of the cou-
pling between levels |0‖0⊥〉 and |0‖1⊥〉; Ωb is the strength of
the coupling between levels |0‖0⊥〉 and |2‖1⊥〉. The transition
operators for the energy levels, present in Eq. (3), are given
by: σ+ = |2‖0⊥〉〈0‖1⊥|, σ− = |0‖1⊥〉〈2‖0⊥|, σ+a = |0‖1⊥〉〈0‖0⊥|,
σ−a = |0‖0⊥〉〈0‖1⊥|, σ+b = |2‖0⊥〉〈0‖0⊥|, and σ−b = |0‖0⊥〉〈2‖0⊥|.
The states coupled by Eq. (1) are |na〉 ⊗ |nb〉 ⊗ |n‖n⊥〉, where
na(b) is the number of photons in the mode aˆ(bˆ).
In order to transfer population among the levels of the su-
perconducting device, we consider that the energy of the level
|0‖1⊥〉 moves up, as its energy increases in the course of time,
while the energy of the level |2‖0⊥〉moves downs, as its energy
decreases in the course of time. Thus,
ω0‖1⊥(t) = ω0‖1⊥ (0) (1 + v1t) , (4)
ω2‖0⊥(t) = ω2‖0⊥ (0) (1 − v2t) , (5)
where v1 and v2 are the rates of changing of energy of lev-
els |0‖1⊥〉 and |2‖0⊥〉 respectively, and ωn‖n⊥ (0) are respective
energies at instant t = 0.
Therefore, the system dynamics can be obtained from the
interaction picture as levels |0‖1⊥〉 and |2‖0⊥〉, coupled by the
constantΩ, move in opposite directions with velocities v1 and
v2, respectively, where v1 = v2. Thus, the interaction Hamil-
tonian is given by
Hint = U(t)HcoupledU†(t) (6)
where
U(t) = exp
{[
i
∫ t
0
dt′H0(t′)
]}
, (7)
is the evolution operator. The result of the integral in the evo-
lution operatorU(t), Eq. (7), is
∫ t
0
dt′H0(t′) = ω0‖0⊥ t|0‖0⊥〉〈0‖0⊥| + r0‖1⊥ (t)|0‖1⊥〉〈0‖1⊥| +
+ωataˆ
†aˆ + r2‖0⊥ (t)|2‖0⊥〉〈2‖0⊥| + ωbtbˆ†bˆ, (8)
where
r0‖1⊥ (t) = ω0‖1⊥ (0)
(
t +
1
2
v1t
2
)
, (9)
r2‖0⊥ (t) = ω2‖01⊥ (0)
(
t − 1
2
v2t
2
)
. (10)
In this way, the dynamics of this system is ruled by the equa-
tion of time evolution of the eigenstates in the interaction pic-
ture
i~
d
dt
|ψint(t)〉 = Hint|ψint(t)〉, (11)
where
|ψint(t)〉 = c1(t)|1〉a|0〉b|0‖0⊥〉 + c2(t)|0〉a|0〉b|0‖1⊥〉 +
+ c3(t)|0〉a|0〉b|2‖0⊥〉 + c4(t)|0〉a|2〉b|0‖0⊥〉 . (12)
The coefficient |ck(t)|2 provides the occupation probability Pk
of the respective state coupled byHint.
Applying Eq. (12) in Eq. (11) we obtain a set of coupled
differential equations for the ck(t) coefficients
3c˙1(t) = −i{Ωaei
[
(ω0‖1⊥+ωa)t−ir0‖1⊥
]
c2(t)} , (13)
c˙2(t) = −i{Ωaei
[
r0‖1⊥−(ω0‖1⊥+ωa)t
]
c1(t) + Ωe
i
[
r0‖1⊥−r2‖0⊥ (t)
]
c3(t)} , (14)
c˙3(t) = −i{Ωei
[
r2‖0⊥ (t)−ir0‖1⊥
]
c2(t) +
√
2Ωbe
i
[
r2‖0⊥ (t)−(ω0‖1⊥+2ωb)t
]
c4(t)} , (15)
c˙4(t) = −i{
√
2Ωbe
i
[
(ω0‖1⊥+2ωb)t−r2‖0⊥ (t)
]
c3(t)} . (16)
Thus, the solution of these coupled differential equations, Eqs.
(13) - (16), give us the dynamics of the population of the sys-
tem. In order to show the generation of two photons using a dc
SQUID, we consider the radiation field incident on dc SQUID
as a single photon in the mode aˆ and frequency ωa, as the ini-
tial condition to Eqs. (13) - (16). The initial state is given by
|ψ0〉 = |1〉a|0〉b|0‖0⊥〉 . (17)
This state represents one photon in the mode aˆ, the initial
population of the superconducting device in the energy level
E0‖0⊥ , and no photon in the mode bˆ. The superconducting
system absorbs the incident photon and population is trans-
ferred to level energy |0‖1⊥〉 due to coupling strength between
these levels is of order of magnitude of 10−2Ω, which is the
same order of magnitude of the coupling between the energy
levels between |0‖0⊥〉 and |2‖0⊥〉. Because levels |0‖1⊥〉 and
|2‖0⊥〉 are coupled with coupling constant Ω, the population
will be transferred from level |0‖1⊥〉 to |2‖0⊥〉. Finally, the
population is transferred from level |2‖0⊥〉 to level |0‖0⊥〉 and
a de-excitation occurs creating a pair of photons in the mode bˆ,
where the frequency of each generated photon is half of that in
the incident photon. Fig. 1 shows a schematic representation
of this dynamic process.
Fig. 2 shows the numerical solution for the population of
the states |na〉 ⊗ |nb〉 ⊗ |n‖n⊥〉 in terms of coupling constant Ω,
obtained from Eqs. (13) - (16), where |na〉 are the incident
radiation field states (incident photon) and |nb〉 are the gener-
ated radiation field states (generated photons) and |n‖n⊥〉 are
the eigenstates of the coupling Hamiltonian, with time is in
units of Ω−1. It is worth mention that, in this process of popu-
lation transfer we use realistic experimental parameters from
Ref. [11].
As can be seen in Fig. 2, the dynamic process of generation
of the photons can be divided in four main steps:
i. Firstly, the system is at state |1〉a|0〉b|0‖0⊥〉, what means
that the population is at energy level E0‖0⊥ of the supercon-
ducting circuit. When the photon in mode aˆ is absorbed by dc
SQUID, the population will be transferred to the level |0‖1⊥〉,
leading to a crossing between the population between the lev-
els E0‖0⊥ and E0‖1⊥ , i.e., there will be a crossing between the
states |1〉a|0〉b|0‖0⊥〉 and |0〉a|0〉b|0‖1⊥〉.
ii. In the following, the population will be transferred to
the energy level E0‖1⊥ and the state of the system will be
|0〉a|0〉b|0‖1⊥〉. Due to coupling between the energy levels
E0‖1⊥ and E2‖0⊥ , the population will now be transferred to
state |0〉a|0〉b|2‖0⊥〉, leading to a crossing between the states
|0〉a|0〉b|0‖1⊥〉 and |0〉a|0〉b|2‖0⊥〉.
iii. Then, due to the de-excitation, the population of the
level E2‖0⊥ begins to be transferred to back to the level E0‖0⊥
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Figure 2. (Color online) Generation of a pair of photons in the mode
bˆ using a single mode as incident field. The black line (P1) labels
the state |1〉a |0〉b|0|0⊥〉; the red line (P2) labels the state |0〉a|0〉b |0‖1⊥〉;
the orange line (P3) labels the state |0〉a |0〉b|2‖0⊥〉; the blue line (P4)
labels the state |0〉a |2〉b|0‖0⊥〉. The vertical dashed lines indicate the
time when the population curves of each state cross. The time is in
units of Ω−1, where Ω is the coupling constant between the modes
|0‖1⊥〉 and |2‖0⊥〉.
and, as a consequence, two photons will be generated in mode
bˆ, leading to the crossing between the states |0〉a|0〉b|2‖0⊥〉 and
|0〉a|2〉b|0‖0⊥〉.
iv. Finally, the dynamic process ends with the population
returning to initial energy level of SQUID and a pair of pho-
tons is generated.
Therefore, the system initiates the process in the state
|1〉a|0〉b|0‖0⊥〉, Eq. (17), after the above described dy-
namic process the population is transferred to the final state
|0〉a|2〉b|0‖0⊥〉, with two photons in the mode b, where each
photon created has half the frequency of the radiation field
in mode aˆ. However, we cannot say that this process is para-
metric down conversion because we cannot derive an effective
Hamiltonian that describes this type of process [20].
A. Entanglement Dynamics
The crossing between the curves described in Fig. 2 is
a consequence of the transference of population above de-
scribed. This process can be understood in terms of a dy-
namics of entanglement between the SQUID and the photons,
incident and generated.
We quantify entanglement between the SQUID and the pho-
tons by using entanglement of formation [21–23], which is is
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Figure 3. (Color online) Entanglement of Formation (EF) for each
crossing between the populations presented in Fig. 2. The blue curve
(EF1) refers to the entanglement between the incident radiation field
and the superconducting device; the black line (EF2) refers to an
intra-SQUID entanglement; and, finally, the red line (EF3) refers to
entanglement between te SQUID and the pair of generated photons.
It is worth noting that EF is maximum in each crossing point between
the curves in Fig. 2.
defined as
E = −E+ − E− (18)
where
E± =
1 ±
√
1 − C2
2
log2
1 ±
√
1 − C2
2
 (19)
and C is the concurrence.
Fig. 3 shows the Entanglement of each step of the above
described dynamic process, highlighting the crossing between
the populations described in Fig. 2. As can be seen, the inci-
dent radiation field in the mode aˆ entangles with the SQUID
as the population is transferred from the level |0‖0⊥〉 level to
level |0‖1⊥〉; in the following, the degree of entanglement be-
tween the incident field and the dc SQUID decreases, while
the intra-SQUID entanglement increases along with the en-
tanglement between the dc SQUID and the pair of generated
photons; thereafter, when the intra-SQUID entanglement is
vanished, the entanglement between the device and the pair of
generated photons is maximum. Finally, as the population is
transferred from the energy level |2‖0⊥〉 to energy level |0‖0⊥〉,
a pair of photons is generated and the degree of entanglement
between these photons and the SQUID decreases up to a min-
imal value. Thus, the pair of generated photons will remain
entangled with the superconducting device at a minimum de-
gree.
Therefore, the population transfer happens due to an entan-
glement dynamics between SQUID and photons, incident and
generated reinforcing the role of superconducting devices on
the quantum information, giving us indications that they can
be useful in information transfer processes.
III. TRANSFERENCE OF QUANTUM ENTANGLEMENT
AND COHERENCE
As presented in the last section, the dc SQUID can be an
useful tool for the information transfer processes. In order to
study the role of this superconducting circuit in information
transference processes, we study the dynamics of transference
of quantum entanglement and quantum coherence from an en-
tangled device as a dc SQUID to the radiation field modes, aˆ
and bˆ.
Let us consider an entangled dc SQUID, where we populate
equally the levels |0‖1⊥〉 and |2‖0⊥〉, as the initial condition to
Eqs. (13) - (16). Thus, we can write the maximal entangled
initial state of the system as
|ψ0〉 = 1√
2
(|0〉a|0〉b) (|0‖1⊥〉 + |2‖0⊥〉) ; (20)
This state represents the superconducting circuit in the en-
ergy levels E0‖1⊥ and E2‖0⊥ equally populated, and no photon
in the modes aˆ and bˆ. The dynamics of the system is seemed
to that described in the last section, where the energy of the
level |0‖1⊥〉moves up with velocity v1 and level moves downs
with velocity v2. Thus, a radiation field in the single mode a
which affects the SQUID leads to the the complete transfer-
ence of the population from the SQUID to the photons in the
modes aˆ and bˆ,
|ψ〉 = 1√
2
(|1〉a|0〉b + |0〉a|2〉b) (|0‖0⊥〉) . (21)
In other words, the entanglement initially on the dc SQUID,
Eq. (20), is transferred to the modes Eq. (21).
To study this dynamic transference of entanglement, from
the superconducting device to the generated radiation field
modes, we need to measure the amount of entanglement in the
dc SQUID and the modes separately. Thus, we obtain the den-
sity matrix for the SQUID and the modes using the reference
basis |na〉 ⊗ |nb〉 ⊗ |n‖n⊥〉. Considering the corresponding den-
sity matrix of the Hilbert subspace, we take the partial trace
of the interaction density matrix
ρ = |ψint(t)〉〈ψint(t)|, (22)
which yields ρab(t) = trSQUID(ρ(t)), for the modes, and
ρSQUID(t) = trab(ρ(t)) for the SQUID. Then, the density ma-
trix for the modes is
ρab(t) =

|c2(t)|2 + |c3(t)|2 0 0 0
0 |c1(t)|2 c∗1(t)c4(t) 0
0 c1(t)c
∗
4
(t) |c4(t)|2 0
0 0 0 0
 , (23)
and the density matrix for the SQUID is
ρSQUID =

|c1(t)|2 + c4(t)|2 0 0 0
0 |c2(t)|2 c2(t)c∗3(t) 0
0 c∗
2
(t)c3(t) |c3(t)|2 0
0 0 0 0
 . (24)
We can quantify entanglement in the dc SQUID and in the
modes of radiation field by using entanglement of formation
5in terms of the amplitudes of probabilities |ck(t)|2. Fig. 4
shows the entanglement of formation for the SQUID to modes
a and b. As can be seen, initially, the entanglement is in
the SQUID, and a radiation field in the single mode a affects
the SQUID, causing transfer of the entanglement to the radi-
ation field modes. This result shows that entanglement can
be transferred using a superconducting device, reinforcing the
fact that the SQUID is an important tool for use in tasks in
quantum information processing, and it can be useful for in-
formation transference processes.
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Figure 4. (Color online) Entanglement transference from the SQUID
(dashed blue line) to modes a and b (solid black line). The initial and
final state are given by Eqs. (20) and (21), respectively. Levels |10〉
and |02〉 are initially equally populated and move with velocities v1
and v2, respectively, where v1 = 2v2.
On the other hand, just as entanglement can be transferred
(see Fig. 4), we also study the transfer of coherence between
SQUID and modes, since the quantum coherence is a neces-
sary feature for different forms of quantum correlations [24–
28]. Coherent superposition of quantum states embodies the
nature of the entanglement, being a resource for several quan-
tum processes in quantum optics, solid state physics, quan-
tum game theory, quantum metrology and thermodynamics
[24–41] Baumgratz et al. [42] defined a consistent theoreti-
cal basis to quantifies quantum coherence in a quantum state
ρ [25, 35]. From a geometric approach, is possible to measure
the quantum coherence as:
CD = min{σ∈I}D(ρ, σ) (25)
where D(ρ, σ) is the distance measurement, between the state
of interest ρ and a set of incoherent states {σ = ∑dk |k〉〈k| ∈
I} in a d-dimensional Hilbert space. Using l1 trace norm as
the distance measurement [25, 35, 42, 43] the l1 trace norm
quantum coherence can be written as
Cl1 = min
σ∈I
‖ρ − σ‖l1 =
∑
m,n
|〈m|ρ|n〉| . (26)
From Eq. (26), we obtain the quantum coherence in the ref-
erence basis, |na〉⊗|nb〉⊗|n‖n⊥〉 for the modes and the SQUID.
Fig. 5 shows the l1 trace norm quantum coherence transferred
from the SQUID to modes a and b. The initial and final states
are given by Eqs. (20) and (21), respectively. As can be seen,
from Fig 4 the entanglement is transferred form the SQUID to
the modes as the coherence is transferred as expected, since
both, entanglement and coherence, stems from the quantum
superposition principle, encapsulating the quantumness of the
system.
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Figure 5. (Color online) Coherence transference from the SQUID
(dashed blue line) to modes a and b (solid black line). The initial and
final state are given by Eqs. (20) and (21), respectively. As can be
seen, from Fig 4 the entanglement is transferred form the SQUID to
the modes as the coherence is transferred.
IV. CONCLUSION
In this work, we present two promising topics using a
SQUID as an information transfer device, (i) the generation
of a pair of photons and (ii) the transference of entanglement
and coherence.
The first one consists of generating a pair of photons
through the coupling between the SQUID and a single-mode
radiation field, when it absorbs one photon. This task is done
considering a single-mode incident radiation field, where en-
ergy levels E0‖1⊥ and E2‖0⊥ of this superconducting circuit
move with equal rates. This process yields an entanglement
dynamics, emerging from the population transfer between the
energy levels, leading to the generation of the twin photons.
The second topic studied was the transfer of quantum entan-
glement and coherence from the SQUID to the radiation field
modes. To this end, we considered the energy levels E0‖1⊥
and E2‖0⊥ equally populated, so the SQUID initiates the dy-
namic process maximally entangled. Again, a radiation field
in the single mode aˆ affects the SQUID and, as a consequence,
the modes of the pair of photons generated by the population
transfer becomes entangled as the quantum coherence is trans-
ferred from the SQUID to the radiation field modes. There-
fore, our results shown the applicability of this superconduct-
ing device for the transference of quantum information, con-
tributing to the study of emerging quantum technologies based
on the information transfer process.
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